An analytical model for a compliant non-pneumatic tire on frictionless, rigid ground is presented. The tire model consists of a thin flexible annular band and spokes that connect the band to a rigid hub. The annular band is modeled using curved beam theory that takes into account deformations due to bending, shearing and circumferential extension. The effect of the spokes, which are distributed continuously in the model and act as linear springs, is accounted for only in tension, which introduces a nonlinear response. The quasi-static, two-dimensional analysis focuses on how the contact patch, vertical tire stiffness and rolling resistance are affected by the stiffness properties of the band and the spokes. A Fourier series representation of the shear strain in the annular band and the complex modulus of the material were used to predict rolling resistance due to steady state rolling. From the analysis point of view, when the wheel is loaded at its hub, the following three distinct regions develop: (1) a support region where the hub hangs by the spokes from the upper part of the flexible band, (2) a free surface region where the spokes buckle and have no effect, and (3) a contact region where the flexible band is supported by the ground without the effect of the spokes. The angular bounds of these three regions are determined by the spoke angle and the contact angle, which are respectively the angle at which the spokes start to engage in tension and the angle that defines the edge of contact. Closed-form expressions of contact stress, stress-resultants and displacements at the centroids of the cross-sections of the flexible band are expressed in terms of these angles, which must be determined numerically. A thorough parametric analysis of quantities of interest for the tire is presented, which can be used to help support the optimal and rational design of compliant non-pneumatic tires. The model was validated by comparison with two computational models using the commercial finite element software ABAQUS and by experimental rolling resistance data.
Introduction
Since its invention by J.B. Dunlop in 1888 (Tompkins, 1981) , the pneumatic tire has experienced tremendous development through research motivated by global market demand. During this time many theoretical and empirical models have been developed to explain and/or understand tire behavior and its affect on vehicle dynamics. These models range from those that predict the forces and moments generated at the contact between the tire and the ground, to models that focus on a particular physical phenomena that can occur in a loaded rolling tire. While the pneumatic tire is the dominant mobility solution for ground vehicles, a non-pneumatic tire, which, for example, cannot go flat, would have advantages in certain applications. In developing a non-pneumatic tire model, it is first necessary to consider the related literature for the pneumatic tire.
Extensive analytical and computational models have been developed for the dynamic analysis of pneumatic tires, see for example, Soedel and Prasad (1980) , Kung et al. (1986) , Huang and Soedel (1987) , and Huang and Su (1992) . These models are developed based on a ring on an elastic foundation, which has proven to be a very successful approach to approximate the natural frequencies and mode shapes due to the structural vibrations of the pneumatic tire. Huang and Su (1992) used the receptance method developed by Soedel (1981) and Bishop and Johnson (1960) to determine the natural frequencies and mode shapes of a pneumatic tire on the road based on the rolling ring model. The road contact was assumed as a point contact and was constrained at the contact point in both the radial and circumferential directions. Kung et al. (1986) have developed a ring on elastic foundation with radial and circumferential springs. The ring model was compared successfully with more complex finite element models, which model the tire as a doubly curved nonlinear shell. Huang and Soedel (1987) studied the effect of the Coriolis acceleration on the dynamics of the ring on an elastic foundation, by comparing the results for a traveling force on a stationary ring with results for a rotating ring subjected to a stationary force. Kindt et al. (2009) have considered the study of structure-borne noise using a threedimensional ring model and have proved that the model is valid up to 300 Hz. The studies by Huang and Su (1992) and Kindt et al. (2009) give an extensive literature review of the dynamic study of pneumatic tires.
In all these studies the deformation due to shear was neglected by following Euler-Bernoulli beam assumptions and the contact problem was simplified using the receptance theory.
There is also a significant empirical modeling contribution, with perhaps the best known work being that of Pacejka and Bakker (1993) . The model provides a set of mathematical formulae from which the forces and moments, generated from the interaction between the road and the tire, can be calculated for longitudinal, lateral and camber slip conditions. A considerable review of such empirical models is described in Pacejka and Sharp (1991) . Although these empirical models have proven to be very useful, they are not systematic and need considerable testing and calibration, which makes them difficult to apply in parametric studies.
There are also several studies on viscoelastic modeling, which address the standing wave phenomenon that occurs when a tire reaches a critical speed. This critical speed is the limiting speed of a pneumatic tire. Padovan (1976) first investigated the effects of structural damping on the development of the standing wave phenomenon by utilizing the classical model of a ring on an elastic foundation to model the tire and took damping into account with a Kelvin-Voigt-type viscoelastic model. This study showed that the standing wave phenomenon is essentially a viscoelastic type resonance response. In a later study, Padovan (1977) reconsidered this problem using an improved tire model, which made use of the finite element method to account for a rotating laminated nonlinear shell. This study proved that the viscoelastic effects play a substantial role in the development of the standing wave. More recently, Qiu (2009) developed a semi-analytical model for a viscoelastic layered cylindrical roller that is rolling against a rigid ground. Fourier series was used to utilize the frequency domain master curves of the complex moduli, G 0 and G 00 , which characterize the viscoelastic nature of the material. He also showed the capability of the model to efficiently predict rolling resistance and contact stresses, and capture major characteristics of the standing wave phenomenon, such as a sharp rise of rolling resistance, emergence of standing waves and material dynamic softening as the rolling speed approaches a critical value.
For an extensive overview of the literature of the mechanics of the pneumatic tire see Chapter 7 of the book, ''Mechanics of Pneumatic Tires' ' Clark (1981) . For an exhaustive literature review on finite element modeling of pneumatic tires the reader is referred to Ghoreishy (2008) .
Very few of the pneumatic tire models presented in the literature include an analytical treatment of the contact problem. In general, road contact was accounted for only by using computational methods. In the case of pure curved beam analysis, the tire contact problem has not been studied in sufficient detail from an analytical point of view. Such modeling detail is required for the non-pneumatic tire considered in this study, which was introduced by Rhyne and Cron (2006) . Their design includes a flexible ring that should include both bending and shearing deformations. A recent paper by Gasmi et al. (2011) treats the contact problem for such a flexible ring that was pressed between two rigid surfaces.
Furthermore, very little research has been published on nonpneumatic tire models. Genta and Genta (2009) proposed an elastic wheel for low gravity applications as an alternative solution to a pneumatic tire for extraterrestrial exploration with extreme conditions, such as being subjected to different sorts of radiation, operation in a vacuum and in an environment with extremely abrasive dust, etc. Likewise, Rhyne and Cron (2006) presented a non-pneumatic tire suitable for extraterrestrial conditions as well as for earth. The authors demonstrate that such a compliant wheel can be a substitute for the pneumatic tire, easily duplicating most of the pneumatic characteristics and potentially exceeding others. This compliant wheel is referred to as a Tweel™ tire. According to Rhyne and Cron (2006) , the non-pneumatic tire, uncouples the vertical stiffness, which affects the ride comfort, the lateral stiffness, which affects handling and cornering, and the longitudinal stiffness. In the case of the Tweel™ tire, these can be optimized independently. Therefore, this non-pneumatic tire breaks the traditional pneumatic tire restrictions and potentially expands the design space.
Based on the foregoing literature, there is an important need in the area of non-pneumatic tire modeling. Therefore, this paper presents an analytical model using curved beam theory to provide an accurate representation of the design space of a particular type of non-pneumatic tire and to support the rational design of this tire. Particularly, this study aims to describe most of the important features of the non-pneumatic tire by linking the structural stiffness of the wheel to the conditions of contact. Compared to the study by Rhyne and Cron (2006) , who consider only shear deformation in the ring, the current study also includes the bending and extension deformation modes. Furthermore, this study solves the complete problem, which, for example, quantifies the effect of spoke stiffness on the contact pressure and the vertical stiffness of the tire. The problem to be considered herein is an elastic non-pneumatic tire pressed quasi-statically on a frictionless flat ground. The model provides a steady state solution of a freely rolling tire at low and moderate speeds where the inertial forces are negligible. Applications of the model include, for example, tires for a wheel chair, lawn mower, earth movers, space rovers, cars, trucks, military vehicles, etc. The model is validated for continuous and discrete spokes using the commercial finite element software ABA-QUS. Furthermore, the prediction of rolling resistance is validated with experimental data. Parametric analyses of some of the key features of the tire are presented to explore the design space and to show the capability of the model.
Analytical non-pneumatic compliant tire modeling
The physical model of the non-pneumatic tire considered consists of a tread, flexible thin band, discrete spokes that are continuous through the thickness of the tire and hub. In regular operational conditions, such a wheel deforms primarily in its plane, justifying the simplification from a three-dimensional to a two-dimensional structural analysis. In this study the effect of a compliant tread is neglected and the hub is assumed to be rigid, and therefore, the model focuses on the flexible annular band and the spokes, which are presented respectively in Sections 2.1 and 2.2 below.
Flexible annular band modeled as a circular Timoshenko beam
Since the flexible annular band interacts with the ground and determines most of the wheel's characteristics, it is fundamental to model and study carefully this component by accounting for all the essential mechanical detail. Since the annular band has a thickness much smaller than its circumference, a circular beam model is appropriate. Making use of a cylindrical coordinate system, at an arbitrary angular location, h, the displacement fields in the flexible band can be approximated by polynomial expressions in terms of the radial variable, r. The order of polynomials can be chosen based on the required accuracy, which reduces the modeling to a one dimensional problem in the angular coordinate.
In this study a linear approximation of the circumferential displacement and a constant radial displacement with respect to the thickness space variable are used. This formulation is developed by Gasmi et al. (2011) , which leads to a circular, extensible Timoshenko beam. This modeling procedure forms the basis of the static behavior of the compliant non-pneumatic tire and accounts for deformation in terms of bending, shearing and circumferential extension.
The Timoshenko circular beam is the simplest thin elastic continuum model that can account for the three primary deformation mechanisms of normal extension, normal bending and transverse shearing. The later mode of deformation will be shown to be the most important in this tire design. The displacement field is approximated by the following polynomial expressions in the thickness coordinate z = r À R, where R is the mean radius of the band, Gasmi et al. (2011): u r ðz; hÞ ¼ u r ðhÞ;
results in the following approximations for the strains:
e rr ¼ 0;
The stress distribution consistent with (1) 
where A, I, N, V, and M are respectively, the cross sectional area of the annular band, the area moment of inertia of the cross-section, the internal axial force, the internal transverse shearing force, and the internal moment at the centroids of the cross-sections of the ring. Fig. 1 illustrates the 3-D ring modeled as a uniformly curved beam with a rectangular cross-section. Based on the approximations made in Eq. (1), it follows from Gasmi et al. (2011) that the governing equations are:
In these equations EA is the circumferential stiffness, EI is the bending stiffness, GA is the shear stiffness and the functions, q r ðhÞ and q h ðhÞ, are respectively the radial and circumferential distributed loads applied at the mid-surface of the annular band. The three stiffness parameters are independent of each other and can be obtained by standard homogenization techniques for a given orthotropic flexible ring. The coupled differential equations (4) are subjected to the following exclusive essential/natural boundary conditions; either of which must be known at each edge of the beam:
2.2. The spoke model for a compliant structural wheel
In this section, the transfer of load between the flexible band and the hub is defined for a so-called top loading non-pneumatic tire, where essentially the weight applied to the axle is supported in tension by the wheel from above. Since the tire is non-pneumatic, there is no effect of internal air pressure. Instead, the only mechanical interaction is through the material that forms the connection, i.e. the spokes.
While it is possible to create a top loader, (e.g. Rhyne and Cron 2006), using a continuous sidewall similar to that of a pneumatic tire, a more convenient design forms the connection between band and hub using a plurality of thin elastic spokes. Regardless of the choice, these mediums, which are assumed to act only in tension as shown in Fig. 2 , guarantee the transmission of load from the rigid hub to the annular flexible band consistent with a top loader. Comparing the case of discrete spokes with that of a continuous distribution, while the results will be different on a local scale, at the global scale the overall average results will be in good agreement. Therefore, for the sake of mathematical simplicity, a continuous distribution of spokes is assumed.
The geometric configurations of the discrete and continuous spoke models are presented in Figs. 3(a) and (b), respectively. The discrete spokes are assumed to be rectangular in cross section, with thickness, t, width, b, and length, L. The parameters defined in these figures are used to determine equivalent stiffnesses for the two cases that will guarantee equal radial displacement for an equivalent force or stress.
For the case of a wheel with discrete spokes, the equivalent tension per width, defined between the dashed lines (i.e. for one spoke) as shown in Fig. 3(a) , is given by,
where E D is the Young's modulus of the spoke material. For the continuous spoke case, the equivalent tension per unit width that corresponds to the same amount of area as in the discrete case requires a more elaborate elasticity solution.
Consider an infinitesimal element of the continuous spoke as shown in Fig. 4 (a). The force balance in the radial direction is given by ðr þ drÞdhr r ðr þ drÞ À rdhr r ðrÞ ¼ dhdr d½rr r dr ðrÞ ¼ 0:
Next consider the infinitesimal element of the continuous spoke under radial stretching as shown in Fig. 4 (b), which gives the radial strain:
Using equations (7) and (8) and the stress-strain relationship given by,
where E C is the Young's modulus of the continuous spoke material, the expression of the radial displacement can be determined to be:
u r ðrÞ ¼ u r ðRÞ lnðr=aÞ lnðR=aÞ ;
and the expression of the equivalent tension per unit width is:
where as shown in Fig. 3(a) , n is the number of discrete spokes. Hence, using equations (6) and (11), the relationship between the Young's moduli of both discrete and continuous spokes is:
Finally, in the case of the elastic foundation illustrated by Fig. 2 , the expression of the equivalent tension per width can be determined to be:
Thus both categories of spoke design can be modeled as an elastic foundation using the following relationship between the spring modulus, k, of the elastic foundation utilized herein, and Young's moduli, E D and E C , of both discrete and continuous spokes:
To summarize, as shown in Fig. 2 , the model for the effect of the spokes is to apply a stress on the annular flexible band given by
where the stiffness, k, is defined in Eq. (14) in terms of the geometry and material behavior of the spokes, which are defined in Figs. 1-3. 
Solution procedure
In the above section it was shown that Eqs. (14) and (15) can be used to model different spoke designs. These equations show that the spokes resist deformation only in tension.
The governing equations summarized in Section 2.1 are the same as those derived by Gasmi et al. (2011) . In that study the solution for the full ring consisted of two contact regions and the remainder of the ring. From symmetry, only two different regions had to be considered. However, in the current study, when the compliant wheel is loaded quasi-statically at its hub, since the spokes act only in tension, three regions develop as illustrated in Owing to the symmetry of loading and the geometry of the wheel with respect to the vertical axis, by applying the appropriate boundary conditions, only half of the wheel is considered. Therefore, the problem amounts to solving three separate governing equations, where each is a variant of the general governing equations given by (4). What distinguishes the solutions is the difference in distributed traction loading in each region. In the contact region there are normal and tangential contact stresses, in the free surface region there is no applied traction, and in the support region there is the radial stress from the spokes defined by Eq. (15). Each of these regions is considered separately below.
Contact region
Since the contact is considered frictionless, the contact pressure, q(h), is normal to the rigid ground, namely vertical. A vertical pressure requires the radial and circumferential distributions of forces in Eq. (4) 
Therefore, in the contact region, the governing equations can be written as:
which contains the four unknown functions u r , u h , /, and q. These unknowns must satisfy the three governing differential equations (17) and a fourth equation provided by the kinematics of contact. Following Fig. 5 , when the flat ground is displaced upwards by d and the wheel is maintained fixed at its center, the vertical displacement can be expressed in terms of the contact surface constraint equation:
The solution procedure employed by Gasmi et al. (2011) is followed to determine the semi-analytical solution to the contact equations given by Eqs. (17) and (18). Owing to symmetry, the contact pressure, which is an even function, is decomposed into a series of cosine functions and a general solution is determined. Finally, the contact constraint equation, (18), is enforced by expanding each side of the Eq. (18) into a Taylor's series and by matching terms. In this portion of the ring, the solution introduces two unknown integration constants, (C i ) 16i62 that will later be determined by continuity.
Free surface region
In the free surface region, h L 6 jhj 6 h S , the radial and circumferential distributions of forces in Eq. (4) are zero since there is neither contact nor engaged spokes. Therefore: q r ðhÞ ¼ 0;
Thus, in the free surface region, the governing equations are given by, The solution to Eq. (20) can be easily determined following the procedure introduced by Gasmi et al. (2011) , as follows:
In this portion of the ring, the general solution given by (21) introduces six more unknown integration constants, (C i ) 26i68 .
Support region
The equations governing the support region, h S 6 jhj, can be easily deduced taking into account Fig. 2 and the framework of equations given by (4). These governing equations are:
The general solution of Eq. (22) is:
where the newly introduced constants are:
In this last portion of the ring, three more integration constants have been introduced, (C i ) 96i611 . Finally, the solution to the loaded non-pneumatic tire is resolved by requiring continuity of the three separate general solutions at h L and h s . This gives a total of twelve equations, which result from the matching of three natural and three essential quantities at each of the two angles. The unknown coefficients include two in the contact region, six in the free surface region, three in the support region and the two unknown angles, h L and h s . In total, the number of unknowns is thirteen, which exceeds the number of equations so far. The thirteenth equation is provided by the definition of the spoke angle, which is where the spokes start to engage in tension and the radial displacement is equal to zero.
To solve this system of equations, the unknown integration constants (C i ) 16i611 are determined analytically in terms of the angles h L and h s by using only eleven of the linear equations. Therefore, all expressions are given in terms of both angles h L and h s , which have to satisfy the remaining two equations. The angles h L and h s are determined numerically by finding the roots of both nonlinear equations in h L and h s .
Validation
This modeling procedure is validated using the commercial finite element software ABAQUS, using a model with continuous spokes and one with 40 discrete spokes. The models that take into account symmetry with respect to the vertical axis are shown in Fig. 6 . In both models linear plane Timoshenko beam elements (B21) were used for the curved beam. Infinitesimal deformation theory was used along with the linear geometry solver. In the case of discrete spokes, the spokes were modeled using truss elements, which have zero modulus in compression. In the case of a continuous media, the spokes were modeled as an orthotropic material, where all of the moduli are zero except in the radial direction where tension is taken into account following Eq. (14).
The parameters that define the material and geometry used for this validation study are presented in Table 1 .
In Fig. 7 the radial displacement ( Fig. 7(a) ), transverse shearing force (Fig. 7(b) ), normal force (Fig. 7(c) ) and bending moment ( Fig. 7(d) ) are presented as a function of the angular coordinate. In these plots the two finite element solutions are compared to the corresponding analytical solutions. Furthermore, in Fig. 8 the load-deflection curve for the wheel is presented for the three cases in Fig. 7 . This figure includes two additional ABAQUS solutions that account for the effect of large geometry change. As can be seen from the results of these figures all the linear results are in excellent agreement, except for the case of the shearing force for discrete spokes, as expected. The analytical model also provides the two additional displacement functions defined in (1) and the contact pressure. All these quantities have this same level of agreement with the ABAQUS solutions. Furthermore, the nonlinear results in Fig. 8 show the effect of large deflections in this contact problem.
Parametric analysis and remarks
In this section the relationships among the key elements of the entire structure and the details of the contact region are investigated. To support this study, using the model developed herein, a set of dimensionless key parameters is identified. The parameter space involves the geometric parameter, d/R, which is the ratio between the deflection and the initial radius of the ring at the centroid of the beam (Fig. 3) , and the three non-dimensional material stiffness parameters:
which are respectively, the normalized spoke stiffness, the ratio of axial to bending stiffness of the flexible ring, and the ratio of the shear to bending stiffness. The first parameter, K, quantifies the flexibility of the spokes in comparison with that of the annular band and helps in designing spokes once the band parameters are chosen. The second parameter, k, quantifies the importance of beam extensibility to the bending stiffness. The third parameter, c, quantifies the importance of shearing to the bending stiffness. These parameters account for both material and geometrical properties of the non-pneumatic wheel.
Contact pressure
In this section, the effect of the stiffness parameters on the contact pressure is considered. Since the focus of the normalized pressure results is on material behavior, a constant value of d/R = 0.1 is used.
For the results in Fig. 9 , the stiffness parameter, c, is varied, while the spoke parameter K is kept constant and of sufficient magnitude to guarantee that h s > h L , which ensures a three region solution. Furthermore, the k parameter is fixed at a large value (inextensible band) and the value of c is varied from very small (''shearing band'' where shearing dominates bending) to very large (''bending band'' where bending dominates shearing). These results show how the special case of the bending band exhibits high pressure spikes at the edge of contact and very low pressure at the center of the contact area, while the special case of a shearing band presents a more uniform pressure.
For the results in Fig. 10 , once again the parameter K is kept constant and large enough to guarantee a three region solution, while the k parameter is varied. The c parameter is small (shearing dominates bending) and the value of the ratio kc is varied from very large (''shearing band'' where shearing dominates both bending and circumferential extension) to very small (''extension band'' where circumferential extension dominates both shearing and bending). These results show how the pressure distribution 
Table 1
Wheel property used for the purpose of validation.
Material parameters
Geometrical Parameters switches from having a large contact area with a nearly uniform pressure for the case of shearing band, to a point load for the case of an extension band. In Fig. 11 the effect of the spoke parameter, K, on the contact pressure is studied for the case of a shearing band. The k parameter for these results is very large (inextensible band) and the c parameter is small (shearing dominates bending), which leads to the special case of the shearing band. The value of K is varied from very small (soft spokes and rigid band) to very large (stiffer spokes and softer band). These results show a very interesting feature for this model where the contact pressure can be greater than the limiting value of GA/Rb, that was derived for a ring in contact (Gasmi et al., 2011) . This pressure rise is due to the compressive axial force at the center of contact that is induced by the spokes. To reveal this important effect, the contact problem of Fig. 12 can be solved analytically for governing equations from (17) 
For small angles the pressure in (26) can be expressed as:
Furthermore, given that the contact angle h c is typically small, the limiting value of the pressure can be approximated by
which shows that when the normal force is negative and of comparable magnitude as GA, the limiting pressure solution is higher than GA/Rb. In Fig. 11 , for example, for the case of K ¼ 150, the approximate expression (28) predicts a normalized pressure of about 6.69 at h = 0, while for K ¼ 50 this prediction is 2.91. Therefore, if the pressure curves in Fig. 12 are normalized by (GA À N c )/Rb instead of GA/Rb, the curves will cluster around unity. It is understood that the full problem must be solved to determine the value of the axial force, N(0).
Radius of curvature of the wheel
From the point of view of tire design, among the potential interesting characteristics of a wheel is the radius of curvature variation when the wheel is loaded, which can play a role in tire wear, rolling resistance as well as tire noise. In this section, the effect of the stiffness parameters on the radius of curvature of the wheel is consid- Fig. 9 . Sensitivity of the normalized contact pressure to the ratio of shearing stiffness to bending stiffness, c. In Fig. 13 the parameter K is kept constant while the c parameter is varied. The k parameter is large (inextensible band) and the value of c is varied from very small (shearing band: shearing dominates bending) to very large (bending band: bending dominates shearing). These results show how the special case of a bending band exhibits a smooth radius of curvature variation along the band, while the special case of shearing band has three distinct uniform radii of curvatures, which are separated by very short transitions: (1) contact region: infinite radius, (2) free surface region: smaller radius of curvature than initial radius of the wheel and (3) support region: a slightly greater radius of curvature than the initial radius of the wheel due to the counter deflection.
The results in Fig. 14 are similar to those of Fig. 13 except that the c parameter is small (shearing dominates bending) and the value of the ratio kc is varied from very large (shearing band: shearing dominates both bending and circumferential extension) to very small (extension band: circumferential extension dominates both shearing and bending). These results show how the support region becomes smaller while the free surface region becomes bigger as the ratio, kc, is varied from very large to very small. The radius of curvature of the free surface region is larger closer to the initial radius of the wheel for the case of an extension band, while it is smaller than the initial radius of the wheel for the case of a shearing band. For the last set of results for radius of curvature, in Fig. 15 the effect of the spoke parameter, K, on the radius of curvature is studied for the case of a shearing band. The k parameter is very large (inextensible band) and the c parameter is small (shearing dominates bending), which leads to the special case of a shearing band. The value of K is varied from very small (soft spokes and rigid band) to very large (stiffer spokes and softer band). These results show that the radius of curvature gap between free surface region and the support region becomes smaller as the spokes become softer, as expected, because all the deformation is occurring in the spokes, while the contrary happens when the spoke stiffness is increased.
Initial vertical stiffness of the wheel
Perhaps the most important characteristic of a tire is its vertical stiffness, which plays a major role in the ride comfort of ground vehicles. From the results of Fig. 8 , the variation of the slope of the load-deflection curve is very small for a reasonable range of deflection, so only the initial vertical stiffness of the wheel is considered. The initial stiffness is obtained analytically by solving the point load problem instead of the full contact problem. Therefore, only two regions develop, which are the free surface region and the support region. The solutions of these two regions are presented in Sections 3.2 and 3.3 by using the appropriate boundary conditions and by enforcing the continuity condition at the spoke angle, the initial vertical stiffness, which is the ratio between the concentrated load and the deflection, is obtained. The next six figures in this paper involve this initial stiffness.
The results in Fig. 16 show the effect of the c parameter, which is the ratio of shearing to bending stiffness, on the relation between the vertical stiffness and the spoke stiffness. From the figure, it can be observed that the vertical stiffness of the wheel is very sensitive Fig. 11 . Sensitivity of the normalized contact pressure to spoke stiffness, K. to the spoke stiffness when the ring is much stiffer than the spokes, i.e. for low magnitudes of K, while it is much less sensitive when the spoke stiffness is large. Furthermore, there are no substantial changes in the trend of the relation between spoke stiffness and vertical stiffness as the ratio c is changed.
The results in Fig. 17 are the same as those presented in Fig. 16 , but plot the spoke angle, h s , on the vertical axis instead of the initial vertical stiffness. Once again, as was the case with the vertical stiffness results in Fig. 16 , the spoke angle is very sensitive to changes in the normalized spoke stiffness when the normalized spoke stiffness is small. Similar to the results of Fig. 16 , there are no substantial changes in trends as the ratio c is changed.
The results presented in Fig. 18 are obtained by eliminating the spoke stiffness from the results of the previous two figures. As such, this figure shows the effect of the parameter, c, on the relationship between the spoke angle and the initial vertical À2 and the ratio, kc = EA/GA, of extensional to shearing stiffness is varied through the k parameter. The results in Fig. 19 show the effect of changes in the k parameter on the relation between the initial vertical stiffness and the spoke stiffness. The results show that the vertical stiffness is highly sensitive to the value of k for small values of this parameter, which corresponds to the special case of an extension band.
The results in Fig. 20 are the same as those presented in Fig. 19 , but plot the spoke angle, h s , on the vertical axis instead of the initial vertical stiffness. It is observed that there is a substantial change of the trend of the relationship between the spoke angle and the spoke stiffness as the k ratio is varied. Contrary to the parameters considered in Fig. 17 , in this case it is possible for the spoke angle to be greater than ninety degrees. Because of this, an interesting phenomenon occurs when the k parameter is changed from large to small, that is, the behavior of the spoke angle changes from decreasing to increasing, although the slopes are small. In the special case of an extension band, which corresponds to the limit of small k, only a small portion of the spokes is involved in tension, i.e. the spoke angle is always greater than ninety degrees, whereas in the special cases of a shearing band and a bending band, a larger portion of the spokes is involved in tension, i.e. spoke angle is always smaller than ninety degrees.
The results of Fig. 21 are obtained by eliminating the spoke stiffness from the above two figures. The figure shows the effect of the k parameter on the relationship between the spoke angle and the initial vertical stiffness of the wheel. For large values of the k parameter, the vertical stiffness of the wheel decreases as the spoke angle is increased until a value of ninety degrees. However, when the k parameter is small, the spoke angle is greater than ninety degrees and the vertical stiffness increases as the spoke angle increased.
Rolling resistance
Tires are made of viscoelastic materials that exhibit mechanical hysteresis, the consequence of which is that all of the energy expended to deform the object is not recovered. The energy not recovered is dissipated as heat, causing a temperature increase which accelerates damage and reduces the lifetime of the tire. The primary consequence considered herein is the loss of energy which is quantified by the rolling resistance.
Rolling resistance calculation
As a final capability of the model, the rolling resistance coefficient is calculated and compared to experimental data. The rolling resistance coefficient is the ratio of the rolling resistance force, namely the force required to roll freely the loaded tire, to the normal load (Schuring, 1977) . The rolling resistance force multiplied by the tire circumference corresponds to the work required to roll the tire through one revolution. In this study it is assumed that this negative work is equal to the steady state hysteretic energy loss that occurs for one rotation of the tire. The next paragraph lists the assumptions made to use the non-pneumatic tire model for this calculation.
It was assumed that after rolling at constant speed, the tire's behavior will reach a steady state and the effect of the transient response will diminish and eventually tone down completely. It is also assumed that the steady state shear profile of the viscoelastic response is the same as the elastostatic shear profile obtained by the model as shown in, for example, Fig. 7(b) . This approach allows for the direct use of the dynamic modulus, defined by a storage modulus G 0 and loss modulus G 00 of the material, which for cyclic loading characterize the viscoelastic nature of the material with which the tire is made. Finally, it is assumed that the loss is primarily due to shear in the annular band and the contributions of all other deformation modes and components are neglected.
Since the stress or strain experienced in this non-pneumatic tire is not sinusoidal, Fourier series can be used to express the actual signal as a sum of sinusoidal terms. The energy loss is the summation of the losses obtained from each term. The strain input is expressed as a sine series:
where the Fourier coefficients, B k are defined by
Using standard approaches of viscoelasticity (see, for example, Christensen (1982) ) the steady state stress response in terms of the complex modulus is
where x is the angular velocity of the tire and, in terms of the storage modulus, G 0 , and loss modulus, G 00 , the constants in (31) are given by Fig. 21 . Sensitivity of the relation between vertical stiffness of the wheel and the spoke angle to the ratio of axial to shearing stiffness, kc (values of the normalization constants used for the vertical stiffness are presented in parentheses).
Using this approach the rolling resistance can be determined to be:
where E, the energy per unit volume dissipated in one cycle of wheel rotation is determined from:
The expression (33) shows that given the complex modulus as a function of frequency, the rolling resistance coefficient can easily be determined once the strain from the model (29) has been expressed in terms of a Fourier series (30). Given the expression (33), the normalized rolling resistance force, F R = FC RR , where as shown in Fig. 5 , F is the vertical load, can easily be deduced. This approach was validated experimentally using rolling resistance data from Michelin for a tire suitable for a golf car. Experimental results are compared with model predictions in Fig. 22 . The complex modulus as a function of frequency was unavailable for the material used in the tests; however, since these constants do not vary appreciably in the frequency range of interest, it was reasonable to assume constant values of the storage and loss moduli. Based on independent testing, it was believed that tan(d) = 0.07 was appropriate for the material used, i.e. this value was not determined as a fitting parameter.
The deviation at high load in Fig. 22 was determined to be due primarily to the different grounds on which the analytical and physical models were pressed. The experiment was performed on a circular drum of radius six inches, whereas the calculation was made on flat ground. As a consequence, the experiment displayed more deformation than for the analytical model and this effect increases the gap between the two cases as the loading force increases. The green arrow in this figure shows the corresponding increase in rolling resistance force at 300Kg as calculated by the finite element method. The angular velocity of the tire in this test was 13.9 rad/s. Now that the analytical model has been validated, sensitivity results can easily be generated that take advantage of the versatility of the model. As a first example the results in Fig. 23 present the sensitivity of the rolling resistance coefficient of a non-pneumatic tire to spoke stiffness for a tire with an idealized shearing band. This band is made of three layers of material, symmetric about the centerline. The material in the center is an incompressible isotropic material, with shear modulus, G. On the inner and outer radial surfaces of this layer are thin layers of a stiffer material. The thickness, t, of these stiff layers is much smaller than h, which is the total thickness of the composite. Denoting E 0 as the product of the thickness, t, and the axial stiffness of the thin layers, the material stiffness parameters are given by
The material and geometric parameters for this sandwich structure are as follows: The general observation from these results is that rolling resistance increases with deformation. The main observation is that rolling resistance decreases as spoke stiffness increases. This occurs since stiff spokes limit deformation, which reduces hysteretic losses. The disadvantage is that following the result of Equation (28), the compressive axial force increases for stiffer spokes, which increases the contact pressure. Higher contact pressure increases tire and road wear and possibly makes for a less comfortable ride. The results in Fig. 24 present the sensitivity of rolling resistance coefficient to the shear modulus, G, and thickness of the annular band, h. The spoke stiffness is held fixed at is k = 5 MPa, while the other parameters are identical to those of Fig. 23 . The thick lines correspond to constant pressure at the center of contact of 2, 3, 5 and 8 in units of bar. The dashed lines give constant values of the rolling resistance coefficient. The main observation is that for constant pressure, the rolling resistance is almost constant for multiple choices of G and h. These results therefore provide a designer with material options, allowing for the selection of a low energy loss material, i.e. a small value of tan(d). It is also interesting that for most fixed values of either G or h, there are two solutions show that by reducing the value of the E 0 parameter, a low rolling resistance design can possibly be identified. This observation motivated the study presented in Fig. 26 , where the procedure is repeated for varying G and E 0 using a fixed value of h = 15 mm. These results demonstrate how sensitive the rolling resistance coefficient is to the shear modulus in certain ranges of the E 0 parameter.
Conclusion
The quasi-static modeling of a top loading, elastic non-pneumatic tire has been considered. The non-pneumatic tire was modeled as a flexible curved circular beam influenced by springs that represent spokes. The flexible beam takes into account the three independent stiffness parameters, EA, GA and EI, while the spokes act only in tension, which enhances the top loading nature of the wheel. Owing to symmetry, half of the wheel was divided into three regions, namely the contact region, the free surface region and the support region. The analytical solutions for the three regions were matched at the angular bounds for the regions, which are the contact angle, h L , and the spoke angle, h s . The solution was obtained by fitting three separate analytical expressions at both angular bounds. As such, the solution is extremely efficient and accurate, requiring only the numerical solution of the angles, h L and h s .
The most significant achievement in this study is the linking of non-linear spoke behavior to the details of the contact patch. Once accomplished, the solution provides a full range of pressure profiles as the four key structural parameters of the wheel, EA, GA, EI and k were varied continuously. In addition, parametric studies for the radius of curvature of the ring, the initial vertical stiffness and the rolling resistance were given as examples showing the capability of the model. The rolling resistance calculations were based on a Fourier series representation of the shear strain in the annular band and the complex modulus of the material to address cyclic loading. This approach was validated by experimental results which show how the quasi-static model can be applied to steady state rolling for moderate speeds. At higher speeds, in addition to inertia effects, spoke dynamics and aerodynamic drag due to the spokes should be accounted for.
In summary, this is an excellent tool for the study and design of this non-pneumatic tire. 
